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Global and Local Nonlinear System Responses
2 under Narrowband Random Excitations. Il:
3 Prediction, Simulation, and Comparison

4 Dongjun Yuk'; Solomon C. Yim, M.ASCE?; Arvid Naess, M.ASCE?; and I-Ming Shih*

5
6 Abstract: The response behavior of the single-degree-of-freedom (SDOF) nonlinear structural system subjected to narrowband stochastic
7 excitations studied in Part I is investigated via simulations to verify the stochastic system characteristics assumed in the development of
8 the semianalytical method. In addition, to demonstrate the accuracy of the method, predicted response—amplitude probability distributions
9 are presented and compared to simulation results. Numerical simulations are conducted by directly integrating the SDOF system with the
10 narrowband excitation modeled by the 1971 Shinozuka formulation. It is observed that the proposed semianalytical method is capable of
11 accurately characterizing the stochastic response behavior of the nonlinear system by predicting the response—amplitude probability
12 distribution and capturing the trends of variations in the response—amplitude statistical properties. In both the primary and the subhar-
13 monic resonance regions, good agreements between the response—amplitude probability distributions predicted by the semianalytical
14 method and obtained from simulation results are observed both qualitatively and quantitatively. In addition, trends of the variations in the

15 probability masses associated with the modes with variations in excitation parameters (bandwidth and variance) are captured.

16 DOI: XXXX
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19

20 Introduction

21 The response of a nonlinear oscillator under narrowband random
22 excitation exhibits complex behavior including amplitude jump
23 phenomena (global bifurcation), subharmonic response, super-
24 harmonic response, and even chaotic response (Nayfeh and
25 Mook 1979; Guckenheimer and Holmes 1986). Knowledge of
26 the behavior of a nonlinear oscillator can be utilized in various
27 design application areas including structural, mechanical, and
28 aerospace engineering, etc. To analyze these complex response
29 behaviors, a semianalytical methodology is developed in Part I
30 (Yim et al. 2006) based on the understanding of the nonlinear
31 system response characteristics under deterministic excitations
32 and the assumptions of a narrowband stochastic excitation. In
33 addition, both the excitation—amplitude and the response—
34 amplitude processes are approximated as stationary Markov pro-
35 cesses. The attraction—domain transitions are modeled as a sta-
36 tionary Markov chain.
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The formulation of the governing probability transition matrix
developed in Part I is directly related to the excitation bandwidth
and variance, as well as the amplitude jump phenomena of the
nonlinear system. The probability of the system response being
in an attraction domain can be obtained by solving the eigenvec-
tor of the probability transition matrix corresponding to the unit
eigenvalue.

The governing equation for the response—amplitude pertur-
bation probability within the response—amplitude domains corre-
sponding to two excitation amplitudes is also formulated based
on the Markov approximation. The transition probability density
function depends on the system transient—state response charac-
teristics as well as the excitation bandwidth and variance.

In this companion (Part II) study, the verification and calibra-
tion of the prediction capability of the semianalytical method de-
veloped and the numerical simulations based on Shinozuka
(1971) and Shinozuka and Deodatis (1991) presented in Part I are
conducted and compared with predictions from the proposed
analysis method. The influences of varying excitation bandwidth
and variance parameters on the response behavior are investi-
gated. Furthermore, comparisons of the accuracy of prediction
results by the proposed semianalytical method and two existing
analytical methods, namely, stochastic averaging method (Roberts
and Spanos 1986) and quasi-harmonic method (Lin and Yim
1997), are conducted against simulation histograms.

Stochastic Response Behavior

Jump Phenomenon (Global Bifurcation)

The system response under a narrowband excitation exhibits am-
plitude jumps between two distinct levels as shown in Fig. 1. To
depict the mechanism of this global bifurcation behavior, an
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Fig. 1. System response in subharmonic resonance region. Time series of narrowband excitation amplitude (top) and corresponding response
amplitude (bottom) (c,=0.05, a;=1, a3=0.3, w;=3.6, 0%: 157, v=0.005).

67 amplitude-response map is employed. The map is obtained by tem initial conditions are employed. However, it was concluded 102
68 plotting the excitation amplitudes versus the corresponding mea- that the 1/3 subharmonic response only exists in the beginning of 103
69 sured response amplitudes, as shown in Fig. 2. In addition, the a response realization, and once it disappears, it would not be 104
70 corresponding analytical response—amplitude curves of the sys- observed again. The contradiction in the observation of repeated 105
71 tem are presented as solid lines, in Fig. 2. It is revealed that the occurrence of the subharmonic response in this study and the 106
72 characteristics of the deterministic response attraction—domain predictions in the literature may be due to different simulation 107
73 transition behavior depicted in Part I is preserved under a narrow- durations employed. In this study, the simulation duration is on 108
74 band excitation environment. Namely, the system response goes the order of 12,000 excitation cycles, significantly longer than the 109
75 from the large-amplitude domain to the small-amplitude domain 600 cycles employed in previous studies. 110
76 when the excitation amplitude varies from a value greater than to
77 a value less than the large-amplitude domain lower boundary.

Frequency of Occurrence 111
78 Subharmonic Responses Stochastic system response characteristics, including transition 112

79 An examination of the details of response time series (e.g., Fig. 1) among various atraction domains (global bifurcation) and fre- 113

80 reveals the repeated occurrence of 1/2 and 1/3 subharmonic re-

81 sponses under narrowband excitations. For the system with pa-

82 rameters given in Fig. 1, the system response oscillates at two

83 distinct amplitude levels. These subharmonic responses are often

84 difficult to identify due to overlapping of the different response

85 amplitude domains among the small amplitude, 1/2 and 1/3 sub-

86 harmonic domains. However, the existence of these responses can

87 be identified relatively clearly in the associated amplitude re-

88 sponse maps (e.g., Fig. 2) by observing the significant number of o
89 points located along the analytical subharmonic amplitude— o
90 response curves (shown as the solid lines).

12.00 ~
91  From the response—amplitude maps, it is observed that the 4.00 :
I

8.00

92 system response may enter the 1/2 or the 1/3 subharmonic domain
93 when an exit from the large amplitude harmonic domain occurs.
94 As a result, the subharmonic responses may occur repeatedly,
95 although the duration of stay in each visit of the system response
96 in these domains may be relatively short. Note that the existence 0.00
97 of the 1/3 subharmonic response under narrowband excitation 0
98 was also observed in simulations conducted in previous studies
99 (Davies and Nandall 1986; Davies and Rajan 1988; Rajan and
100 Davies 1988; Davies and Liu 1990; Francescutto 1991) when an
101 extremely small excitation bandwidth parameter and special sys-

T T T T T T T T T T T T T T T T TR T T T TR T

10.00 20.00 30.00 40.00 50.00 60.00
A(t)

Fig. 2. Response—amplitude maps corresponding to time series
shown in Fig. 1
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Fig. 3. (a, b, ¢, and d) System response under varying excitation bandwidths in subharmonic resonance region. Time series of narrowband
excitation amplitude (top) and corresponding response amplitude (bottom) [¢,=0.05, a;=1, a3=0.3, w,=3.6, crf2-= 157, y=(a) 0.001; (b) 0.005; (c)

0.01; (d) 0.05].

114 quency of occurrence can be observed in the time histories and
115 response—amplitude maps. The frequencies of occurrence in these
116 maps are found to be attraction-domain dependent. As indicated
117 in Figs. 1 and 2, the frequencies of occurrence are relatively high
118 for both large and small amplitude harmonic responses, and low
119 for the 1/2 and 1/3 subharmonic responses. Note that the random-
120 ness in the excitation is independent of the attraction domain.
121 This indicates the dependency of the response—amplitude pertur-
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122
123

bation behavior on the system characteristics and the attraction
domains.

Effect of Varying Excitation Bandwidth 124

The effects of varying the degree of randomness of the excitation 125
(i.e., excitation bandwidth) on the response behavior are demon- 126
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Fig. 4. (a), (b), (c), and (d) Amplitude response maps corresponding to times series shown in Figs. 3(a—d), respectively

127 gtrated in Fig. 3. As the degree of randomness in the excitation

128 increases (increasing excitation bandwidth parameter +y), the re-
129 sponse time series exhibits more frequent amplitude jumps among
130 attraction domains. In addition, the total times of the response in
131 large-amplitude primary resonance also increases. Consequently,
132 the attraction—domain transition probability and the response—
133 amplitude perturbation probability density functions (PDF) are
134 related to the excitation bandwidth. As shown in the corre-
135 sponding response—amplitude maps (Fig. 4), increasing excitation
136 randomness also results in spreading of the response—amplitude
137 distribution around the deterministic analytical response—
138 amplitude curves.

139 Effect of Varying Excitation Intensity

140 By reducing the variance of the excitation process, the total time
141 of the system response in the small-amplitude primary-resonance
142 domain increases as shown in Fig. 5. The excitation bandwidth
143 parameter employed is fixed in these cases, and thus the degree of
144 randomness in the excitation shows no significant change. Con-
145 sequently, the frequency of the response—amplitude jumps is ap-
146 proximately unchanged. However, the system response remains
147 longer in the lower-amplitude primary-resonance domain in every
148 visit with decreasing excitation variance. That is, the probability
149 of the system response in the lower-amplitude primary-resonance
150 domain increases as the excitation intensity (variance) decreases.
151 Therefore, the response attraction—domain transition probability is
152 affected by the excitation intensity. Note that in the response—
153 amplitude maps shown in Fig. 6, the density of the points in the
154 lower part increase as the excitation intensity decreases. Varia-
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tions in the density of the response—amplitude maps also demon-
strate the influence of varying excitation variance on the system
response.

Predictions of Stochastic System
Response Behavior

To verify the prediction capability of the proposed semianalytical
method in characterizing the stochastic system response behavior
in the primary and subharmonic resonance regions described
above, analytical prediction of the system response in five cases,
(i)—(v), with various excitation parameter sets (see Table 1) are
presented and compared to simulation results.

The system damping parameter, c,, and the linear and nonlin-
ear restoring force parameter, a; and a;, respectively, are held
constant for these cases. To isolate the effects of varying the de-
gree of excitation randomness on the response behavior, the ex-
citation bandwidth parameter v is increased from cases (i) to (iv),
while the excitation intensity (variance) is fixed.

Effects of Varying Excitation Randomness
on Attraction—-Domain Transition

The system response behavior under increasing degree of excita-
tion randomness (i.e., increasing bandwidth parameter <), with
constant excitation intensity, (r;, is investigated in cases (1)-(@v).
For these four cases, the normalized parameters p —‘p|/0f
and \'=|\|/o7, the attraction—domain probability transition ma-
trices K, and the normalized eigenvectors corresponding to the
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Fig. 5. (a and b) System response under varying excitation variance in subharmonic resonance region. Time series of narrowband excitation (top)
and corresponding response amplitude (bottom) [¢,=0.05, a;=1, a3=0.3, w;=3.6, y=0.01, (r;:(a) 157; (b) 125].

180 ypit eigenvalues are listed in Table 2. Note that p’ and N\’ are

181 the normalized autocorrelation and cross-correlation, respectively,
182 of the cosine and sine components of the excitation envelop
183 process with a time lag equal to the central excitation period
184 (Ochi 1990).

185 It is observed that the autocorrelation p’ decreases and cross-
186 correlation N\’ increases as the excitation bandwidth parameter y
187 increases. Thus, the randomness in the processes of excitation
188 amplitude cosine and sine components is increased as expected.
189 As a result, the randomness in the excitation amplitude and phase
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angle increases with the excitation bandwidth. Therefore, the de-
pendency of the stochastic behavior of the excitation parameters
on vy is confirmed.

In the attraction—domain transition matrix K, as the excitation
randomness parameter <y increases, the decreasing values of diag-
onal elements indicate increasing probability of the response ex-
iting the current attraction domain. The off-diagonal elements,
except for the zero entries and p(4| 1), are increasing, albeit at
different rates with increasing degree of excitation randomness.
That is, the probability that an attraction domain becomes the

(b)
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T
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Fig. 6. (a and b) Amplitude response maps corresponding to times series shown in Figs. 5(a and b), respectively
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Table 1. Parameters of System Considered in Subharmonic Resonance Region

Case () (ii) (iii) (iv) (v)
System parameters Cs=0.05, a;=1, a3=0.3
(a) Excitation parameters

o 3.6 3.6 3.6 3.6 3.6

Y 0.001 0.005 0.01 0.05 0.01

0% 157 157 157 157 125

(b) Domain boundaries

Large-amplitude harmonic domain D, (1.4, 50)

Small-amplitude harmonic domain D, (0, 33.3)

1/2 subharmonic domain D5 (6.4, 23.0)

1/3 subharmonic domain D, (2.2, 12.0)
200 gestination domain of transition from another domain increases of the response amplitude within the attraction domains D 217
201 with degree of excitation randomness. In the last column of Table (d=1,2,3,4) are calculated from p(R| Dg) (d=1,2,3,4). The 218
202 2, the probability of the response being in the large-amplitude results obtained from cases (i)—(iv) are tabulated in Table 3. Ob- 219
203 primary resonance domain p(D,), praeages with increasing band- serve that the predicted o2 (d=1,2,3,4) increases with in- 220
204 width parameter vy, whereas the probability that the responses are creasing excitation bandwidth parameter +y in all four coexisting 221

205 at the lower response amplitude level (i.e., either in the small-
206 amplitude harmonic, the 1/2 subharmonic, or the 1/3 subharmonic
207 domains) decreases as y increases. Thus, the trends of variation in
208 the p(D,) observed in Table 2 agree with the stochastic response
209 behavior described earlier. Hence, the validity of the proposed
210 method in analyzing the response behavior under varying band-
211 width parameter vy is also confirmed in the small-amplitude and
212 subharmonic resonance regions.

213 Effects of Varying Excitation Randomness
214 on Response-Amplitude Variance

215 To investigate the influence of varying excitation randomness on
216 the response—amplitude variance, the variances 0(21 (d=1,2,3,4)

attraction domains, which is consistent with the response behavior 222
observed earlier in Fig. 3. In addition, 03 (d=1,2,3,4) varies 223
with attraction domains, reflecting the domain dependency of the 224
system response characteristics. Therefore, the predicted trends of 225
the response—amplitude variance of the nonlinear system under 226

varying excitation bandwidth parameter y by the proposed semi- 227
analytical method are also validated. 228
Effects of Varying Excitation Intensity 229
on Attraction—-Domain Transition 230
The effects of varying excitation intensity (i.e., variance (r?) on 231
the system response behavior are investigated in cases (iii) and 232

Table 2. Effects of Varying Excitation Bandwidth on Response Attraction-Domain Transition Probability in Primary and Subharmonic Resonance

Regions
Normalized
Case Y p’ N Transition matrix, K eigenvector
_ . i <, R
0.9977 0.0014 0.0014 0 p(D)) 0.399
0.0005 0.9986 0.0116 0.0385 p(D,) 0.586
(i) 0.001 0.999 0.00011 0.0001 0  0.9802 0.0008 p(Dy) |~ ] 0.001
(00015 0 0.0068 0.9607 | p(D,) ) (0.014
r = 'd 3\ s 3
0.9959 0.0031 0.0039 0 p(D) 0.426
0.0006 0.9969 0.0143 0.0742 [p0y) | Jo.547 |
(i) 0.005 0.996 0.00056 0.0004 0  0.9566 0.0098 p(Dy) |~ |0.009
(00031 0 0.0252 0961 | (D, ) (0.018
- - . N \
0.9949 0.0031 0.0063 0 p(D)) 0.462
0.0008 0.9956 0.0195 0.0949 Jp0y) | _Jos04 |
(iii) 0.010 0.992 0.00112 0.0017 0 0939 0.0216 p(Dy) |~ |0.018
(00026 0 0.0352 0.8835 | LDy ) (0.016
- - . I @ \
0.9935 0.0097 0.0183 0 p(D) 0.608
0.001 0.9903 0.0389 0.1532 p(D,) 0.352
(iv) 0.050 0.958 0.00549 0.0047 0  0.8679 0.0846 py) |~ ]0.029
(00008 0 0.0749 0.7622 | L0y ) o011
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Table 3. Effects of Varying Excitation Bandwidth Parameter vy on indicates the existence of a less obvious mode in that region. The 262
Variance of Response Amplitude within Coexisting Attraction Domains less consistent match in the results of case (iv) in the lower am- 263
Dy (d=1.2.3.4), Respectively, in Primary and Subharmonic Resonance plitude level is probably due to insufficient samples in that region. 264
Regions The comparisons of predictions with simulations for cases (i), (i), 265

Variance o of response amplitude within attraction domain (iii), and (iv) are shown in Fig. 8. Observe that the semianalytical 266

method predicts well the stochastic dependency of the small- and 267

Cases @ (if) (i) (iv) large-amplitude responses on excitation bandwidth parameter y. 268

v 0.001 0.005 0.010 0.050

2 0.0883 0.1623 0.2370 1.8192 . s .
U; e 0.5364 0.9796 5 1156 Effects of Varying Excitation Intensity 269
o2 : : : : on Response-Amplitude Distribution 270
(r% 0.4489 0.6716 0.8203 1.6155
o 0.0397 0.1100 0.1885 0.8431 As the excitation variance, 0_?, decreases from cases (iii) to (v), 271

Fig. 9 shows that the response—amplitude probability mass in the 272
higher level decreases in accordance with the response behavior 273
described earlier. By the proposed semianalytical method, the 274
same trend of variations in the response amplitude probability 275
distribution due to changes in excitation variance is captured as 276

233 (v). For these two cases, the value of normalized parameter p’ and
234 \' (auto- and cross-correlation coefficients), the attraction—
235 domain transition probability matrices K, and the normalized

236 eigenvectors corresponding to the unit eigenvalues are listed in shown in Fig. 9. 217
237 Table 4.
238  As shown in Table 4, little changes in the values of p’ and N\’
239 are observed when the excitation variance (rjzc decreases from Comparisons with Existing Analytical Methods 278
240 cases (iii) to (v). Thus, the randomness in the excitation is not
241 significantly gffected by the‘ Vgriations i.n the e?(citation intensity Stochastic Averaging Method 279
242 but the behavior of the excitation amplitude still depends on the
243 excitation variance. In the transition matrices K, the complexity According to Rajan and Davies (1988); Davies and Liu (1990); 280
244 of the transition behavior is reflected by the variations in the and Koliopulos and Bishop (1993), the suggested form of the 281
245 off-diagonal elements. Under complex response attraction— response—amplitude probability distribution can be expressed as 282
246 domain transitions (global bifurcation), the trends of variations in
247 the probabilities of the response in the higher and lower ampli- 5 5 5
248 tude levels, respectively, is still accurately predicted as shown in p(y)=C exp{ —4v y[( e+8)%+ (v -1
249 the last column of Table 4. That is, p(D,) decreases but %p(D;,) (e+93)m 42 283
250 (i=2,3,4) increases with decreasing excitation variance (r;. This 3( 2 >
. - . v'=1)y 9y

251 result agrees with the response characteristics observed in the - — + 2]} (1) 284
252 previous section. 16v 192v

and 285
253 Effects of Varying Excitation Randomness
254 on Response—Amplitude Distribution
255 As the Qegree of excitation randomness (i.f.:., bandwidth param- _ ﬂRZ’ 5= S/C_’ n= a_gaj%’ 6= Vr’ b= ‘_’”_L (2)
256 eter vy) increases from cases (i) to (iv), Fig. 7 shows that the a 2Va, a 2Va, Va, 286
257 response—amplitude probability mass in the higher level increases
258 in accordance with the response behavior observed earlier. In case where R=response amplitude; ¢, a;, and a;=structural damping, 287
259 (iv), although the simulations appear to show only a single mode linear stiffness, and nonlinear stiffness coefficients, respectively; 288
260 located in the higher amplitude level in the probability distribu- and as previously defined, vy, o, and (r_?:excitation bandwidth 289
261 tion, the long tail of the distribution in the lower amplitude level parameter, central frequency, and variance, respectively. 290

Table 4. Effects of Varying Excitation Variance on Response Attraction—Domain Transition Probability in Primary and Subharmonic Resonance Regions

Normalized

Case (r?- p’ N Transition matrix, K eigenvector
- A . N R
0.9949 0.0031 0.0063 0 p(D)) 0.462
0.0008 0.9956 0.0195 0.0949 p(Dy | _J0.504
(iii) 157 0.992 0.00112 0.0017 0 0939 0.0216 p(Dy) |~ |o.018
00026 0 0.0352 0.8835 | Lp(Dy) ] (0.016
0.9936 0.0021 0.0040 0 (s0)) [0243)
0.0010 0.9979 0.0138 0.0894 [0y |_)0733

(v) 125 0.997 0.00113 00015 0 0946 00155 p(Dy) |~ 0011
00039 0 0.0362 0.8951 | (D) ) (0.013
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Fig. 7. Variations in response amplitude probability distribution under varying excitation bandwidth parameter y in subharmonic resonance
region: (a) simulation; (b) prediction

cally observable) small and large amplitude steady-state re- 306

sponses. The real intermediate magnitude solution, associated 307
with the unstable steady-state response, is physically unrealizable. 308
In this case, the probability mass associated with 6 will be trans- 309
ferred and distributed to the smallest and the largest values of y, 310

291 Quasi-Harmonic Method

292 From Koliopulos and Bishop (1993) the relationship between the
293 narrow band excitation amplitude A and the corresponding re-
294 sponse amplitude R is obtained as

8 16 32 A%a respectively, by a ratio k determined by the following equation 311
3,2 2.2, 2)2 2,21 2% = i
y+ 3(] —vIyT+ 9 [(1=v")"+457v7y] = 9 b, 0= 243 (Dimentberg 1971, 1988; Koliopulos et al. 1991; Koliopulos and 312
Bishop 1993; Koliopulos and Langley 1993) 313
295 3)
. emax . 6min
296 where the scaled parameters y, 8, and v are defined in Eq. (2). Ei -Ei| — X
297 The response—amplitude probability distribution can be obtained K= 0 nl 1, Ei(x)= f —dv (5)
298 by a probability transformation rule between the random variable 1 (M) -V
299 § and y through the functional relationship defined in Eq. (3) O min 314
30:) (1(9);21 1990). The PDF of 6 is obtained as (Koliopulos and Bishop where 6, and 6, =respective upper and lower bounds of 0, 315
30 ) which corresponds to multiple solutions of Eq. (1). 316
1 a30'2-
p(6) = =@M, m=—5 ) . . -
302 n ay Comparisons of Analytical Predictions 317
and Simulation Results 318

303  Since Eq. (3) is a third-degree polynomial equation, for a
304 given 0, there may exist three real solutions, with the smallest and
305 the largest magnitudes correspond to the coexisting stable (physi-
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The prediction capabilities of the proposed semianalytical method 319
developed earlier and the stochastic averaging method presented 320
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Fig. 8. Variations in response amplitude probability distribution under varying excitation bandwidth parameter vy in subharmonic resonance
region: (a) case (i); (b) case (ii); (c) case (iii); and (d) case (iv)

s by Davies and Liu (1990) and the quasi-harmonic method spectively. Note that corresponding to these system and excita- 329
322 presented by Koliopulos and Bishop (1993) are examined. In tion parameters, the scaled parameters employed in the stochastic 330
323 particular, the response—amplitude probability distributions pre- averaging and the quasi-harmonic methods are [v=2, 5=0.08, 331
324 dicted by these.methods for .two specific excitation bandwidths s=«//(2\fa)=0.01, n=091] and (v=2, 5=0.08, £=0.04, 332
325 selected by Koliopulos and Bishop (1993) are compared. In both _ .

n=0.91), respectively. 333

326 cases, (a) and (b), the system and the excitation parameters are:
327 (¢;=0.16, a;=1, a;=0.3, 0;=2, y=0.01, 0%:3.05), whereas, the
328 excitation bandwidth parameter are v=0.02, and 0.08, re-

Prediction results of the semianalytical, stochastic, averaging, 334
and quasi-harmonic methods are shown in Fig. 10(a) for case (a) 335
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Y

averaging (ST-AV) methods, respectively (c,=0.16, a;=1, a3=0.3, w;=2, q%=3.05): (a) y=0.02; (b) vy=0.08

10/ JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2007

PROOF COPY [EM/2005/024239] 005701QEM



PROOF COPY [EM/2005/024239] 005701QEM

336 4nd Fig. 10(b) for case (b). Comparisons are also made with the

337 response amplitude histogram obtained from simulations con-
338 ducted through the method described earlier. Observe that among
339 the analytical prediction methods, the one proposed in this study
340 agrees best with simulation results.

341 Concluding Remarks

342 Based on the results of this study, the following concluding
343 remarks are offered: The proposed semianalytical method is ca-
344 pable of accurately characterizing the stochastic response be-
345 havior of the nonlinear system subject to narrowband excitations
346 by predicting the response—amplitude probability distribution and
347 capturing the trends of variations in the response—amplitude sta-
348 tistical properties. In both the primary and the subharmonic reso-
349 nance regions, good agreements between the response—amplitude
350 probability distributions predicted by the semianalytical method
351 and obtained from simulation results are observed both qualita-
352 tively and quantitatively. In addition, trends of the variations in
353 the probability masses associated with the modes with variations
354 in excitation parameters (bandwidth and variance) are captured.
355  The analysis of the response behavior under narrowband exci-
356 tations has been successfully extended to the primary and subhar-
357 monic resonance regions. In previous studies, analytical methods
358 can only predict the response behavior in the primary resonance
359 region where only two attraction domains coexist. In this study,
360 we have demonstrated the capability of the proposed semianalyti-
361 cal method in predicting more complex response behavior in the
362 primary and subharmonic resonance regions where four attraction
363 domains coexist.

364 A significant improvement in the accuracy of predicting re-
365 sponse amplitude probability distributions is achieved by the
366 proposed semianalytical method. This is because the stochastic
367 nonlinear response behavior under narrowband excitation is ac-
368 curately characterized by the semianalytical method through
369 modeling the response attraction—domain transition and response—
370 amplitude perturbations.
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